Abstract. We realize the crystal associated to the quantized enveloping algebras with a symmetric generalized Cartan matrix as a set of Lagrangian subvarieties of the cotangent bundle of the quiver variety. As a by-product, we give a counterexample to the conjecture of Kazhdan-Lusztig on the irreducibility of the characteristic variety of the intersection cohomology sheaves associated with the Schubert cells of type A and also to the similar problem asked by Lusztig on the characteristic variety of the perverse sheaves corresponding to canonical bases.
1. Introduction 1.1. G.Lusztig [L3] gave a realization of the quantized universal enveloping algebras as the Grothendieck group of a category of perverse sheaves on the quiver variety. Let (I, Ω) be a finite oriented graph (=quiver), where I is the set of vertices and Ω is the set of arrows. Let us associate a complex vector space V i to each vertex i ∈ I. We set E V,Ω = ⊕ τ ∈Ω Hom (V out(τ ) , V in(τ ) ) and X V = E V,Ω ⊕ E * V,Ω . They are finite-dimensional vector spaces with the action of the algebraic group G V = i∈I GL(V i ). We regard X V as the cotangent bundle of E V,Ω . Lusztig [L3] realized a half of the quantized universal enveloping algebra U − q (g) as the Grothendieck group of Q V,Ω . Here Q V,Ω is a subcategory of the derived category D b c (E V,Ω ) of the bounded complex of constructible sheaves on E V,Ω . The irreducible perverse sheaves in Q V,Ω form a base of U − q (g), which is called canonical basis. In [L5] he asked the following problem. Problem 1. If the underlying graph is of type A, D or E, then the singular support of any canonical base is irreducible.
One of the purpose of this paper is to construct a counterexample of this problem for type A.
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1.2. Let G be a connected complex semisimple algebraic group, B a Borel subgroup of G and X = G/B the flag variety. Let D X denote the sheaf of differential operators on X. We denote the half sum of positive roots by ρ and the Weyl group by W . For w ∈ W , let M w be the Verma module with highest weight −w(ρ) − ρ and L w its simple quotient. By the Beilinson-Bernstein correspondence, M w and L w correspond to regular holonomic D X -modules M w and L w on X, respectively. The characteristic varieties Ch(M w ) and Ch(L w ) are Lagrangian subvarieties of the cotangent bundle T * X. Each irreducible component of Ch(M w ) and Ch(L w ) is the closure of the conormal bundle T * Xy X of a Schubert cell X y = ByB/B for some y ∈ W . Let M be the abelian category consisting of regular holonomic systems on X whose characteristic varieties are contained in w∈W T (1.2.1) m y (L w ) =    1 if y = w, 0 otherwise, then the Springer representation coincides with the left cell representation. Due to Tanisaki, there is a counterexample of (1.2.1) in the case of B 2 (See [T] ). In [KL2] Kazhdan and Lusztig conjectured that Ch(L w ) is irreducible for G = SL n (C). In this paper, as a corollary of Problem 1, we shall show that there is a counterexample of this conjecture in the case of G = SL 8 (C) and this conjecture is true for G = SL n (C) with n ≤ 7.
1.3.
On the other hand, the first author [K1] constructed the crystal base and the global crystal base of U − q (g) and the highest weight integrable representations of U q (g) in an algebraic way. Grojnowski and Lusztig [GL] showed that the global crystal base coincides with the canonical base of Lusztig [L3] .
In this paper, we shall construct the crystal base in a geometrical way. We define the nilpotent subvariety of the cotangent bundle of the quiver varieties, following Lusztig. The nilpotent variety is a Lagrangian subvariety. We shall define a crystal structure on the set of its irreducible components, and we prove that it is isomorphic to the crystal associated with U − q (g).
1.4.
Let us briefly summarize the contents of this paper. In section 2 and 3 we give a review of the theory of crystal base [K1,2,3,4] . After recalling quiver varieties in section 4, we define the crystal structure on the set of irreducible components of the nilpotent varieties and prove that it coincides with the crystal base of U − q (g) in section 5. In section 6, we recall the relation of the quantized universal enveloping algebras and perverse sheaves on the quiver varieties. In section 7, we give a negative answer to Problem 1. In the last section, we give a counterexample of the irreducibility of the characteristic variety of the irreducible perverse sheaf with the Schubert cell as its support in the case of SL 8 .
We thank T.Tanisaki for stimulating discussions.
2. Preliminaries 2.1. Definition of U q (g). We shall give the definition of U q (g) associated with a symmetrizable Kac-Moody Lie algebra g. We follow the notations in [K1,2,3,4] .
Definition 2.1.1. Let us consider following data:
(1) a finite-dimensional Q-vector space t, (2) an index set I (of simple roots), (3) a linearly independent subset {α i ; i ∈ I} of t * and a subset {h i ; i ∈ I} of t, (4) an inner product ( , ) on t * and (5) a lattice P (a weight lattice) of t * .
These data are assumed to satisfy the following conditions:
for any i ∈ I and λ ∈ t * , (9) α i ∈ P and h i ∈ P * = {h ∈ t ; h, P ∈ Z}.
Then the Q(q)-algebra U q (g) is the algebra generated by e i , f i (i ∈ I) and q h (h ∈ P * ) with the following defining relations: (10) q h = 1 for h = 0 and q
Here we used the notations [n] i = (q
= 0 for n < 0. We set Q = i∈I Zα i , Q + = i∈I Z ≥0 α i and Q − = −Q + . Let P + be the set of dominant integral weights. We denote by U − q (g) the Q(q)-subalgebra of U q (g) generated by f i (i ∈ I).
As in [K]
, we define the Q(q)-algebra anti-automorphism * of U q (g) by
Note that * 2 = 1.
2.2. Crystal base. In this subsection we give a review of the theory of crystal base. See [K1,2,3,4] for details. Let M be an integrable U q (g)-module and let M = ⊕ ν∈P M ν be the weight space decomposition. By the theory of integrable representation of U q (sl(2)), we have
We define the endomorphismsẽ i andf i of M bỹ
u and
Let A be the subring of Q(q) consisting of rational functions without pole at q = 0.
Definition 2.2.1. A pair (L, B) is called a crystal base of M if it satisfies the following conditions:
For λ ∈ P + , we denote by V (λ) the simple U q (g)-module of highest weight λ. The highest weight vector of V (λ) is denoted by u λ . We consider the sub-A-module L(λ) of V (λ) generated byf i 1 · · ·f i l u λ and the subset B(λ) of L(λ)/qL(λ) consisting of the non-zero vectors of the formf i 1 · · ·f i l u λ .
According to [K1] we have
We define the endomorphismsẽ i andf i of U − q (g) bỹ
B is a base of the Q-vector space L/qL.
We introduce the sub-A-module L(∞) of U − q (g) generated byf i 1 · · ·f i l · 1 and the subset B(∞) of L(∞)/qL(∞) consisting of the non-zero vectors of the form They are subject to the following axioms:
For two crystals B 1 and B 2 , a morphism ψ from B 1 to B 2 is a map B 1 ⊔ {0} → B 2 ⊔ {0} that satisfies the following conditions:
A morphism ψ : B 1 → B 2 is called strict, if it commutes with allẽ i andf i . A morphism ψ : B 1 → B 2 is called an embedding, if ψ induces an injective map from B 1 ⊔ {0} to B 2 ⊔ {0}.
For two crystals B 1 and B 2 , we define its tensor product B 1 ⊗ B 2 as follows:
Here wt i (b) denotes h i , wt(b) . The action ofẽ i andf i are defined bỹ
Example 3.1.1. For i ∈ I, B i is the crystal defined as follows
We define the action ofẽ i andf i bỹ
We write b i for b i (0). 
. We denote u ∞ by the unique element with weight 0.
We define the operatorsẽ
(1) For any i, there exists a unique strict embedding of crystals
In fact the above properties characterize B(∞) as seen in the following proposition. (2) and (6).
We shall show that for any b ∈ B with b = b 0 there exists i such thatẽ
If b ′ = b 0 , then the induction on the weight implies the existence of j ∈ I such that e j (b ′ ) = 0. Thenẽ j (b) = 0. Hence any element of B has the formf i 1 · · ·f i l b 0 with i 1 , · · · i l ∈ I. Now take a sequence (i 1 , i 2 , · · · ) in I in which every element of I appears infinitely many times. Let us consider the composition Φ n of the following chain of crystal morphisms.
Then for any b ∈ B there exists n such that Φ n (b) has the form b 0 ⊗f an in b in ⊗f a n−1
The sequence (a 1 , a 2 , · · · , a n , 0, 0, · · · ) does not depend on such a choice of n. LetB be the set of sequences (a 1 , a 2 , · · · , a n , 0, 0, · · · ) of integers such that a n = 0 for n >> 0. ThenB has a crystal structure by (a 1 , a 2 , · · · , a n , 0, 0,
. Then both B(∞) and B are strictly embedded intoB and their images coincide with the smallest strict subcrystal ofB containing (0, 0, · · · ). Therefore, they are isomorphic.
Quivers and associated varieties ([L5,6] and [N1,2])
4.1. Definition of quiver. We shall recall the formulation due to Lusztig [L5,6] .
Suppose a finite graph is given. In this graph, two different vertices may be joined by several edges, but any vertex is not joined with itself by any edges. Let I be the set of vertices of our graph, and let H be the set of pairs of an edge and its orientation. The precise definition is as follows.
Definition 4.1.1. Suppose that following data (1) ∼ (5) are given:
(1) a finite set I,
a map H → I denoted τ → in(τ ) and (5) an involution τ →τ of H. We assume that they satisfy the following conditions; (4.1.1) in(τ ) = out(τ ), out(τ ) = in(τ ) and
An orientation of the graph is a choice of a subset Ω ⊂ H such that
We call a quiver a graph with an orientation.
To a graph (I, H) we associate a root system with simple roots {α i } i∈I and simple coroots {h i } i∈I with
We denote by g the corresponding Kac-Moody Lie algebra and U q (g) the corresponding quantized universal enveloping algebra.
4.2.
Let V be the family of I-graded complex vector spaces V = ⊕ i∈I V i . We set dim V = − i∈I (dim V i )α i ∈ Q − . For ν ∈ Q − , let V ν be the family of I-graded complex vector spaces V with dim V = ν.
Let us define the complex vector spaces E V,Ω and X V by
In the sequel, a point of E V,Ω or X V will be denoted as
We define the symplectic form ω on X V by
where ε(τ ) = 1 if τ ∈ Ω, ε(τ ) = −1 if τ ∈Ω. We sometimes identify X V and the cotangent bundle of E V,Ω via ω.
The Lie algebra of G V is g V = i∈I End (V i ). We denote an element of g V by A = (A i ) i∈I with A i ∈ End (V i ). The infinitesimal action of A ∈ g V on X V at B ∈ X V is given by [A, B] . Let µ : X V → g V be the moment map associated with the G Vaction on the symplectic vector space X V . Its i-th component µ i :
For a non-negative integer n, we set
If n = 0, we understand that S n = {1} and B 1 is the identity. An element B of X V is called nilpotent if there exists a positive integer n such that B σ = 0 for any σ ∈ S n . Definition 4.2.1. We set
It is clear that Λ V is a G V -stable closed subvariety of X V . It is known that Λ V is a Lagrangian variety [L5] .
5. Lagrangian construction of crystal base 5.1. For each ν ∈ Q − , let us take V (ν) ∈ V ν and set
The following lemma is easily proved.
Lemma 5.1.1. Under the above notations the following two conditions are equivalent.
(a) B is nilpotent.
(b) Both B ′ andB are nilpotent.
By this lemma, the diagram (5.1) induces the diagram
It is clear that X 0 (ν) i,p is a locally closed subvariety of X 0 (ν).
In this and the next subsections, we assume that
Let us consider the special case of (5.1). Note that X 0 (−cα i ) = {0}.
Proof. This follows immediately from the diagram (5.2).
Definition 5.2.2. We set
Suppose p = 0. Then we have following diagram
Lemma 5.2.3.
(
is a smooth map whose fiber is a connected rational variety of dimension j∈I dim V (ν) j 2 − c (α i ,ν).
Proof.
(1) The fiber of ̟ 2 over B ∈ X 0 (ν) i,c is the set of families of isomorphisms
Hence we obtain (1).
(2) LetB ∈ X 0 (ν) i,0 and take (B,φ, φ ′ ) ∈ ̟ −1 1 (B). Consider the following diagram :
Since B ∈ µ −1 (0) andB ∈ µ −1 (0), the compositions of horizontal arrows vanish. On the other hand (ε(τ )Bτ ) is surjective becauseB belongs to X 0 (ν) i,0 . Therefore, for a givenB, the fiber of ̟ 1 overB is the set of elements (φ, ψ, φ
coincides with the morphism induced byB. Hence the fiber ̟ 1 −1 (B) is connected and locally isomorphic to
Now we denote by B(∞; ν) the set of irreducible components of Λ(ν). For Λ ∈ B(∞; ν), we define ε i (Λ) = ε i (B) by taking a generic point B of Λ . For l ∈ Z ≥0 , we set B(∞; ν) i, l the set of all elements of B(∞; ν) such that ε i (Λ) = l.
The preceding lemma implies the following proposition. 
Then the mapsẽ i max (resp.f i c ) which is constructed in the definition may be considered as the c-th power ofẽ i (resp.f i ). Let us define a map wt : ν B(∞; ν) → P by wt(Λ) = ν ∈ P for Λ ∈ B(∞; ν). We set
Theorem 5.2.6. ν B(∞; ν) is a crystal in the sense of Definition 3.1.1.
Proof. By the definition, (C1) and (C3) are automatically satisfied. By the definition ofẽ i , we have
Therefore (C2) and (C2') are satisfied. Since there is no Λ such that ε i (Λ) = −∞, (C4) is satisfied.
Lemma 5.2.7. If Λ ∈ B(∞; ν) satisfies ε i (Λ) = 0 for every i, then ν = 0.
Proof. By the assumption,
−−→ V (ν) i is surjective for a generic point B of Λ. Hence for every n,
is surjective. Then the nilpotency of B implies V (ν) i = 0.
5.3.
We shall use the diagram (5.1.1) in the opposite way to (5.4).
We define for B ∈ X 0 (ν)
For Λ ∈ B(∞; ν) we define ε * i (Λ) as ε * i (B) by taking a generic point B of Λ. We set X 0 (ν)
We choose an isomorphism between V (ν) i and its dual for every i. Then * : B → t B gives an automorphism of X 0 (ν) and Λ(ν) is invariant by this automorphism. This induces an automorphism * : B(∞; ν) → B(∞; ν). Since Λ(ν) is G V (ν) -invariant, this does not depend of the choice of isomorphisms V (ν) * ≃ V (ν). The diagrams (5.4) and (5.6) are transformed by * . We have
We defineẽ
Note thatẽ i * andf i * may be defined asẽ i andf i using (5.6) instead of (5.4). We
Proof. Since (2) may be proved in a similar way to (3) with an easier argument, we shall only prove (1) and (3). Consider the diagram (5.6). Let us take a generic point B ofΛ. Then a generic point B of ̟
The maps Bτ induces a map ψ :
Then B is given as follows.
Since ϕ is generic, we have
Thus we obtain (1). Now let us prove (3). Set ν ′ = ν + α i andν ′ =ν + α i . Let us take a generic hyperplane H of V (ν) i containing Im (ϕ). Then taking V (ν ′ ) ≃ H, we obtain a generic point B ′ ofẽ i (Λ). Similarly, taking a generic hyperplaneH of V (ν) i containing Im (ψ), we obtain a generic point ofẽ i (Λ).
If
We recall that B(∞) is the crystal base of U − q (g). 
Proof. We define a map Φ
It is clear that this map is well-defined and injective. Moreover, it is a strict morphism of crystals by the preceding lemma. Now we can apply Proposition 3.2.3 because the condition (7) is satisfied by Lemma 5.2.7.
We denote by Λ b ∈ ν∈Q − B(∞; ν) the corresponding element to b ∈ B(∞) under this isomorphism. The following proposition is proved by Lusztig. We fix an orientation Ω of quiver. Let ν ∈ Q − and let S ν be the set of all pairs (i, a) where i = (i 1 , i 2 , · · · , i m ) is a sequence of elements of I and a = (a 1 , a 2 , · · · , a m ) is a sequence of non-negative integers such that l a l α i l = −ν. Now let V ∈ V ν and let (i, a) ∈ S ν . A flag of type (i, a) is, by definition, a sequence φ = (V = V 0 ⊃ V 1 ⊃ · · · ⊃ V m = 0) of I-graded subspace of V such that, for any l = 1, 2, · · · , m, the I-graded vector space V l−1 /V l is zero in degrees = i l and has dimension a l in degree i l . We define a varietyF i,a of all pairs (B, φ) such that B ∈ E V,Ω and φ is a B-stable flag of type (i, a). The group G V acts onF i,a in natural way. We denote by π i,a :F i,a → E V,Ω the natural projection. We note that π i,a is a G V -equivariant proper morphism. We set L i,a;Ω = (π i,a ) ! (1) ∈ D(E V,Ω ). Here 1 ∈ D(F i,a ) is the constant sheaf onF i,a . By the decomposition theorem [BBD] , L i,a;Ω is a semisimple complex.
Let P V,Ω be the set of isomorphism class of simple perverse sheaves L on E V,Ω such that L[d] appears as direct summand of L i,a;Ω for some (i, a) ∈ S ν and some d ∈ Z. We write Q V,Ω for the subcategory of D(E V,Ω ) consisting of all complexes that are isomorphic to finite direct sums of complexes of the form L[d] for various simple perverse sheaves L ∈ P V,Ω and various d ∈ Z. Any complex in Q V,Ω is semisimple and G V -equivariant.
Here E ′ is the variety of (B,φ, φ ′ ) where B ∈ E V,Ω and 0 →Vφ −→ V φ ′ −→ V ′ → 0 is a B-stable exact sequence of I-graded vector spaces, and E ′′ is the variety of (B, C) where B ∈ E V,Ω and C is a B-stable I-graded subspace of V with dim C =ν. The morphisms p 1 , p 2 and p 3 are defined by p 1 (B,φ, Im (φ) ) and p 3 (B, C) = B. Note that p 1 is smooth with connected fiber, p 2 is a principal G V ′ × GV -bundle, and p 3 is proper.
Let
,Ω has a structure of an associative graded Z[q, q
−1 ]-algebra by the operation * . We denote by
Theorem 6.1.1. [L3] There is a unique Q(q)-algebra isomorphism
Let us identify
and call it the canonical basis of U − q (g). By [GL] , B and B(∞) are canonically identified. For b ∈ B(∞) the corresponding perverse sheaf is denoted by L b,Ω .
6.2. Let Y be a smooth algebraic variety. For any L ∈ D(Y ), we denote by SS(L) the singular support (or the characteristic variety) of L. It is known that SS(L) is a closed Lagrangian subvariety of T * Y (See [KS] ). We recall that T * E V,Ω is identified with X V . By the Fourier transform method, we have
We say i ∈ I is sink (resp. source) of Ω if there is no arrow i → j (resp. j → i) in Ω.
Theorem 6.2.2.
(1) For any L ∈ P V,Ω the singular support SS(L) is a union of irreducible components of Λ V .
(2) For any b ∈ B(∞) and i ∈ I, we have
Proof. The first statement is due to Lusztig [L5] . By taking Ω such that i is a sink, the second statement follows from [L3] .
Note that if there is a bijection s :
, then s must be the identity (cf. Problem in [L5] ). In fact, by the decreasing induction on ε i (b), (6.2) implies s(b) = b.
The following problem is also asked by Lusztig [L5] .
Problem 1. If the underlying graph is of type A, D, E, then the singular support of any L ∈ P V,Ω is irreducible.
Furthermore he noted that the next conjecture [KL2] follows from Problem 1 for type A (see §8.1). In fact it is easy to see that they are equivalent.
Conjecture 2. Let X be the flag manifold for SL(n) and let X w be the Schubert variety of SL(n) which corresponds to the element w of the Weyl group W . Then the singular support of π C Xw is irreducible.
In the next section we construct a counterexample of Problem 1 for a graph of type A.
7. Counterexample to problem 1 7.1. In this and the next section we assume that the underlying graph is of type A.
Let us take ν ∈ Q − and V ∈ V ν . Let O Ω be a G V -orbit in E V,Ω . As the underlying graph is of type A, E V,Ω has finitely many G V -orbits. By [L3] we know that there is one-to-one correspondence between
The next theorem is due to Lusztig (See [L3] .).
where C O b,Ω is the constant sheaf on O b,Ω and π · is the minimal extension functor.
Note that SS(L b.Ω ) depends only on b ∈ B(∞) and not on Ω (cf. Theorem 6.2.1).
7.2. In the rest of the section, we shall present a counterexample of Problem 1 when the underlying graph is of type A 5 . Let us take a graph of type A 5 and its orientation Ω as follows;
• . 2  1f  2  3f  2  4f  2  3f  2  2f  2 
Now we can state a counterexample of Conjecture 1.
Remark 1. In fact, although we don't give a proof (relying on Lemmas 8.2.1 and 8.2.2), they coincide.
Let U be the subvariety of E V,Ω consisting of elements
where I 2 = 1 0 0 1 and
Let M be the complex vector space of (A i ) i∈Z/4Z where each A i is a 2 × 2-matrix, let S be the closed subvariety of M consisting all elements such that A i+1 A i = 0 and rank(A i ) ≤ 1 and let S be the subvariety of M consisting of elements such that A i+1 A i = 0 and rank(A i ) = 1. It is clear that S is the closure of S.
Lemma 7.2.2.
By a direct calculation, we conclude that O b,Ω ∩U is isomorphic to the set of (X 1 , Y 2 ,Z 1 , Z 2 ) such that
Here we denote the cofactor of A by cof A. This proves (1).
The similar arguments yield (2).
To see Theorem 7.2.1, it is enough to show that
is not an irreducible variety.
Let B S|M −∂S be the D-module of the delta function on S in M − ∂S where ∂S = S − S. By the Riemann-Hilbert correspondence, (7.2.1) is equivalent to
7.3. In this subsection we shall prove (7.2.2).
Assuming that SS( π B S|M −∂S ) = T * S M , we shall deduce a contradiction. We denote by F · the Fourier transformation functor. Then there is an isomorphism
. Here M is a D-module on M, x i is a local coordinate of M and ξ i is the corresponding dual coordinate.
According to [KS] we have
under the identification T * M ∼ = T * M * where M * is the dual space of M. On the other hand, it is known that supp(
. Then S * is the polar variety of S, i.e.
By an easy calculation, we see that S * is the variety of (A * i ) i∈Z/4Z ∈ M * such that two eigenvalues of the 2 × 2-matrix A * 1 A * 2 A * 3 A * 4 coincide. That is,
where f = (θ 1,1 − θ 2,2 ) 2 + 4θ 1,2 θ 2,1 with
Hence SS(
). Then S is invariant by this action and hence
Then its isotropy subgroup is connected. Since supp( F π B S|M −∂S ) = S * and F π B S|M −∂S is irreducible, we have
where L is an irreducible (C * ) 4 × GL(C 2 ) 4 -equivariant local system on S * 0 . As the isotropy subgroup of S * 0 is connected, any irreducible (C * ) 4 × GL(C 2 ) 4 -equivariant local system on S * 0 must be trivial. Therefore we have
The next result is due to Barlet-Kashiwara [BK] .
Proposition 7.3.1 (Barlet-Kashiwara) .
Since Proposition 7.3.1, suppF −1 (∂ ξ i f )δ(f ) ⊂S and detA i vanishes onS, HilbertNullstellensatz guarantees the existence of a positive integer m such that
Applying the Fourier transformation, we have
On the other hand, a direct calculation leads
Since k is a integer, the right hand side never vanishes. This contradicts (7.3.1). Thus we complete the proof of Theorem 7.2.1.
Relation with Schubert cells
8.1. We consider the Dynkin diagram of type A 2n−1 and take its orientation Ω 0 as follows:
Let us set C) , B a Borel subgroup of G, W the Weyl group of G and X = G/B the flag variety. We set X w = BwB/B (w ∈ W ). Then X = w∈W X w gives a cellular decomposition of X.
The decomposition of X × X to G-orbits is given by X × X = w∈W Y w with Y w = G · ({eB} × X w ). Then, the following two conditions are equivalent:
We have a G-equivariant isomorphism
Therefore there is a one-to-one correspondence between G-orbits of X × X and
For an orientation Ω we say that i ∈ I is sink (resp. source) of Ω if there is no arrow i → j (resp. j → i) in Ω.
Lemma 8.2.1.
(1) is already seen in Theorem 6.2.2. Let us prove (2). Let us choose an orientation Ω such that i is a sink.
has cokernel of dimension m. Similarly let Y be the subvariety of E V (ν),Ω consisting ofB such that ′ ∈ B(∞) has the same weight and that i ∈ I satisfies ε i (b) = ε i (b ′ ) = 0. Then the following two conditions are equivalent;
Proof. We choose an orientation Ω such that i is a sink. Set ν = wt(b). Set V = V (ν) andṼ = V (s i ν) Let Z = {B ∈ E V,Ω ; ⊕ τ ∈Ω;in(τ )=i V out(τ ) → V i is surjective.}. It is clear that Z is an open subvariety of E V,Ω and contains both O b,Ω and O b ′ ,Ω . The group GL(V i ) acts freely on Z. Let π : Z → Z/GL(V i ) be the projection. LetZ = {B ∈ EṼ ,s i Ω ;Ṽ i → ⊕ τ ∈s i Ω;out(τ )=iṼin(τ ) is injective} and letπ :Z → Z/GL(Ṽ i ) be the natural projection.
We define a map Ξ : Z/GL(V i ) →Z/GL(Ṽ i ) as follows. We fix isomorphisms V j ≃Ṽ j (j = i). For B ∈ Z, we take an isomorphismṼ i ≃ Ker ⊕ in(τ )=i V out(τ ) → V i .
Then defineB = Ξ(B) by: for τ ∈ s i Ω,B τ is B τ if out(τ ) = i, andB τ is the compositioñ
if out(τ ) = i. It is easy to see that Ξ is well-defined and an isomorphism. There areb and Then the equivalence of (1) and (2) is reduced tõ
In order to see this, setV = V (ν + mα i ) and take a generic point B of Λ b . Then
gives a pointB of XV . It is easy to see thatB is a generic point ofẽ i * max b and also a generic point ofẽ i maxb . Hence we haveẽ i * max b =ẽ i maxb and (8.2) follows.
8.3.
Only by using Lemma 8.2.1 and 8.2.2 we can show Proposition 8.3.1. Conjecture 2 is true for 1 ≤ n ≤ 7.
In fact we used a computer to check this. There is a counterexample in the n = 8 case derived by the counterexample in Theorem 7.2.1. Here {s i } i∈I are the standard generators of symmetric group. Then we have
This singularity is also realized by a partial flag manifold as follows. Let X ′ be the set of flags {F j } of C 8 with 0 = F 0 ⊂ F 1 ⊂ F 2 ⊂ F 3 ⊂ F 4 = C 8 and dim F j = 2j ( j = 1, 2, 3). Set Z = X ′ × X ′ = {(F, F ′ ) ∈ X ′ × X ′ }. Let Z 1 be the SL(8)-orbit of Z given by the following table of dim Gr Then Y w (resp. Y w ′ ) is the inverse image of Z 1 (resp. Z 2 ) by the canonical morphism X × X → X ′ × X ′ . Hence the characteristic variety of the intersection cohomology sheaf of Z 1 contains the conormal bundle of Z 2 . The singularity of Z 1 at Z 2 is the same as the one of the counterexample in Theorem 7.2.1.
